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C∞ Stability, Canonical Maps, and Discrete Dynamics
Mark Stern
1 Introduction
A fundamental question in Hodge theory is: ’Which complex vector bundles on a smooth
projective variety admit a holomorphic structure?’ If E is a holomorphic vector bundle on
a projective varietyM , then the degree 2p component of the chern character of E, which we
denote chp(E), lies in F
pH2p(M,C)∩ F¯ pH2p(M,C), where F · denotes the Hodge filtration.
This necessary condition on the existence of a holomorphic structure is both nonlinear and
nonlocal, making it extremely difficult to see how to utilize this hypothesis in analytic
approaches to constructing holomorphic structures. In this note we ask an easier converse
question: If chp(E) 6∈ F
p−jH2p(M,Q) ∩ F¯ p−jH2p(M,Q), how is j - the distance to the
(p, p) axis in the Hodge diamond - reflected in singularity formation in analytic attempts
to construct (the nonexistent) holomorphic structures? In order to describe our results, we
first introduce one natural scheme for seeking holomorphic structures.
If E′ is a holomorphic bundles, and L is an ample line bundle, then for k sufficiently
large,
dim(H0(E′ ⊗ Lk)) = χ(M,E′ ⊗ Lk),
where χ denotes the holomorphic Euler characteristic. Viewed as the index of the elliptic
operator ∂¯ + ∂¯∗, the holomorphic Euler characteristic can be extended to arbitrary hermi-
tian complex bundles endowed with a semiconnection. For an arbitrary complex hermitian
bundle E on a Kahler manifold (M, g), we define the energy
Φ0,1(h,H, ∂¯A) =
∑
a
‖∂¯Asa‖
2,
where ∂¯A is a semiconnection on E, H is a χ(M,E) dimensional subspace of C
∞(M,E),
{sa}a is a unitary L2 basis for H , and the L2 norms are defined by h and the Kahler metric.
If E admits a holomorphic structure with dim(H0(E)) = χ(M,E), then Φ0,1(h,H, ∂¯A) = 0
for an appropriate choice of H and ∂¯A. If, on the other hand, Φ
0,1 achieves 0 for some
H whose sections globally generate E, then E admits a holomorphic structure. Hence a
natural problem is to understand minimizing sequences of Φ0,1. When is Φ0,1 bounded away
from zero? If 0 is the infimum of Φ0,1, is it achieved? In this note, we begin studying the
relation between the distance of ch(E) from the (p, p) axis in the Hodge diamond to the
formation of singularities in minimizing sequences of Φ0,1. Our treatment naturally leads to
the consideration of two different types of singularity formation. The first is simply the loss
of regularity of the sections of H with respect to a fixed background connection. The second
is really a stability issue. We call H ⊂ C∞(M,E) admissible if its sections globally generate
E. Let ΠH denote the the Schwartz kernel of the L2 unitary projection onto H . The global
generation of E by H is equivalent to the invertibilty of ΠH(x, x)
−1. (Evaluate on the
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diagonal before inverting.) We call a sequence of subspaces {Hn}n stable if ΠHn(x, x)
−1 is
uniformly bounded.
In the special case of E holomorphic, L ample, Donaldson [D1] considered the discrete
dynamical system of metrics hn on E ⊗ L
k defined by setting H = H0(M,E ⊗ Lk), and
setting
hn+1(·, ·) :=
rank(E)vol(M)
dim(H)
hn(·,ΠH,hn(x, x)
−1·),
where now ΠH,hn denotes the Schwartz kernel of the L2 projection onto H unitary with
respect to the metric hn. Fixed points of this dynamical system are called balanced metrics.
Donaldson conjectured that the existence of balanced metrics was equivalent to a stability
condition. Wang [W] (see also [K]) proved that holomorphic bundles on projective manifolds
admit balanced metrics if and only if they are Gieseker polystable.
The metrics, hn+1, in Donaldson’s dynamical system arise from pulling back the metric
on the universal bundle over the Grassmannian Gr(rank(E⊗Lk), H) by the canonical map
i(hn,H) determined by (hn, H). We introduce two discrete dynamical systems, T
0,1 and T ,
which extend Donaldson’s metric dynamical system for holomorphic bundles to dynamical
systems for C∞ complex bundles. In the system T , the metric, the subspaceH of C∞(M,E),
and the connection vary. The flow T 0,1 is complementary to Donaldson’s in that the metric
is fixed and only the subspace H of C∞(M,E) and the connection vary. In these new
systems, the connection is also pulled back from the Grassmannian by a canonical map.
The dynamical system T 0,1 has the amusing feature of factoring the nonlinear problem
of minimizing Φ0,1 into an elementary linear pde problem and an explicitly (algebraicly)
solvable nonlinear problem.
Using comparison to these dynamical systems, we obtain relations between Hodge struc-
tures and rate of singularity formation such as the following.
Theorem 1.1. Suppose that chp(E) 6∈ F
p−j+1H2p(M)∩F¯ p−j+1H2p. Let {Hn}n be a stable
sequence of subspaces with L2 unitary basis {sa,n}a and {An}n be a sequence of smooth
hermitian connections. If
∑
a |∂¯Ansa,n|
2 Lp→ 0, then
∑
a |dBnsa,n|
2 Lp→∞, for any sequence of
hermitian connections {Bn}n. If
∑
a |∂¯Ansa,n|
2 L∞→ 0, then
∑
a |dBnsa,n|
2
L
p−
j
2→ ∞, for any
sequence of hermitian connections {Bn}n.
We also have elementary information about lower bounds for Φ0,1.
Theorem 1.2. If c1(E) 6∈ F
1H2∩F¯ 1H2, then ln(Φ0,1) is bounded below on stable sequences.
In each case, our results reduce to comparison to canonical connections associated with
canonical maps to Grassmann manifolds. Hence we begin in Section 2 with a discussion of
canonical maps and canonical connections.
Minimizers of Φ0,1 and Φ are fixed points of T 0,1 and T respectively. We call a semicon-
nection ∂¯A balanced with respect to (h,H) if (H, ∂¯A) is a fixed point of T
0,1. Equivalently,
∂¯A is balanced with respect to (h,H) if it is the pullback via i(h,H) of the canonical connec-
tion on the universal bundle on the Grassmannian. We include a digression in Section 3 on
the relation between canonical maps, balanced connections, and harmonic maps.
After proving Theorems 1.1 and 1.2 in Section 5, we conclude with several tangentially
related observations springing from the study of canonical connections rather than from
Hodge theoretic considerations. For example, let L := ∇∗A∇A +W , for W ∈ C
∞(End(E)).
Let {ψj}
∞
j=1 be an L2−unitary eigenbasis L
2(M,E), with Lψj = λjψj . Then
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Theorem 1.3.
FA = (4πt)
n/2
∑
λj
e−tλjdAψj〈·, dAψj〉+O(t). (1.4)
This equality can be proved by heat equation asymptotics, but also arises naturally from
consideration of canonical maps and balanced connections.
2 Canonical Maps
Let M be a compact Riemannian manifold. Let (E, h, dA) be a rank k Hermitian vector
bundle over M with metric h and metric compatible connection dA. Let H be an N−
dimensional subspace of smooth sections of E. Let {sa}
N
a=1 be an L2-unitary basis of H .
Let ΠH,h denote the Schwartz kernel of the L2 projection onto H . We write ΠH or Π when
h or (H,h) are understood.
Definition 2.1. We call a subspace H ⊂ C∞(M,E) admissible if ΠH(x, x) is invertible for
all x ∈M .
H is admissible if and only if E is globally generated by sections of H . Thus {sa(x)}
N
a=1
spans Ex for all x ∈M . Let {ea}
N
a=1 be a unitary basis for C
N . Let {e∗a}a denote the dual
basis. Define a rank k projection operator on CN as follows.
V := Vabeb ⊗ e
∗
a,
where
Vab(x) = 〈sa(x),Π
−1(x, x)sb(x)〉. (2.2)
Fix x and choose an orthonormal basis {s˜a}a of H so that 〈s˜a(x), s˜b(x)〉(x) = λaδab, with
λa = 0, for a > k. For this frame, defining V˜ analogous to V , we have
V˜ (x) =
∑
a≤k
ea ⊗ e
∗
a.
As the two matrices are conjugate under an orthonormal change of frame, we see V is a
rank k orthogonal projection, and V defines a map
i(h,H) : M → Gr(k,N).
We suppress the basis dependence of this map as a change of unitary basis corresponds to
composition with an isometry of Gr(k,N).
In this notation, the universal bundle over Gr(k,N) is the subbundle of Gr(k,N)×CN
of the form U := {(V,w) ∈ Gr(k,N) × CN : w = V w}. This bundle is equipped with a
canonical connection
dCs := V ds,
where d is the trivial connection on the ambient trivial bundle. The canonical connection is
compatible with the metric. The universal bundle also has a canonical subspace of sections
HC spanned by
za(V ) := V ea.
We may naturally identify i∗(h,H)za with sa. The standard metric 〈·, ·〉 on the trivial bundle
induces a metric on the canonical bundle. We compute
〈za(x), zb(x)〉(x) = 〈Vap(x)ep, Vbq(x)eq〉 = Vab(x).
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Definition 2.3. We say h is balanced, relative to H if
h = i∗(h,H)〈·, ·〉.
Applied to the canonical sections, the connection gives
dCza(V ) = V dV ea.
From V 2 = V, we have V (dV )V = 0. Hence, for each x ∈ Gr(k,N) and every constant
section ex of the trivial C
N bundle satisfying ex = V (x)ex, the canonical connection satisfies
dCs(x) = 0, for s(y) := V (y)ex. (2.4)
Equation (2.4) characterizes the canonical connection.
Definition 2.5. We say dA is balanced with respect to (h,H) if dAs(x) = 0 when 〈s, ψ〉L2 =
0, ∀ψ ∈ H such that ψ(x) = 0. Equivalently,
dA = i
∗
(h,H)dC .
Similarly, if the underlying manifold is complex, we say a semiconnection ∂¯A is balanced
with respect to (h,H) if ∂¯As(x) = 0 when 〈s, ψ〉L2 = 0, ∀ψ ∈ H such that ψ(x) = 0.
3 H defined by second order equations
In this section, we compute the equations satisfied by V , when H is a subspace of the
solution space of a first or second order elliptic equation, as happens in the special case
when H is generated by holomorphic sections. Let Q denote the complementary projection:
Q = I − V. (3.1)
Then in local coordinates,
Vab,j(x) = Qac〈sc;j,Π
−1sb〉+ 〈sa,Π
−1sc;j〉Qcb. (3.2)
Differentiating again gives
Vab,ji(x) = Qac,i〈sc;j,Π
−1sb〉+Qac〈sc;ji,Π
−1sb〉+Qac〈sc;j ,Π
−1sb;i〉Qpb
−Qac〈sc;j ,Π
−1sp〉〈sp;i,Π
−1sb〉+〈sa,Π
−1sc;j〉Qcb,i+〈sa,Π
−1sc;ji〉Qcb−〈sa,Π
−1sp;i〉〈sp,Π
−1sc;j〉Qcb
+Qap〈sa;i,Π
−1sc;j〉Qcb
= −Qac〈sc;i,Π
−1sp〉〈sp;j ,Π
−1sb〉−〈sa,Π
−1sc;i〉Qcm〈sm;j ,Π
−1sb〉+Qac〈sc;ji,Π
−1sb〉+Qac〈sc;j,Π
−1sb;i〉Qpb
−Qac〈sc;j ,Π
−1sp〉〈sp;i,Π
−1sb〉−〈sa,Π
−1sc;j〉Qcm〈sm;i,Π
−1sb〉−〈sa,Π
−1sc;j〉〈sc,Π
−1sm;i〉Qmb
+〈sa,Π
−1sc;ji〉Qcb − 〈sa,Π
−1sp;i〉〈sp,Π
−1sc;j〉Qcb +Qap〈sa;i,Π
−1sc;j〉Qcb.
The orthogonal projection of the symmetric matrices onto the tangent space at V of the
rank k projections is
A→ V AQ +QAV.
Hence the projection of Vab,ji(x)eb⊗e
∗
a onto the tangent space at V of the rank k projections
is
(−Qac〈sc;i,Π
−1sp〉〈sp;j ,Π
−1sb〉+Qac〈sc;ji,Π
−1sb〉
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−Qac〈sc;j ,Π
−1sp〉〈sp;i,Π
−1sb〉 − 〈sa,Π
−1sc;j〉〈sc,Π
−1sm;i〉Qmb
+〈sa,Π
−1sc;ji〉Qcb − 〈sa,Π
−1sp;i〉〈sp,Π
−1sc;j〉Qcb)eb ⊗ e
∗
a.
Hence as a map into the Grassmannian, we have at the center of a normal coordinate system
d∗V di(h,H) = (2Qac〈sc;j ,Π
−1sp〉〈sp;j ,Π
−1sb〉 −Qac〈sc;jj ,Π
−1sb〉
−〈sa,Π
−1sc;jj〉Qcb + 2〈sa,Π
−1sp;j〉〈sp,Π
−1sc;j〉Qcb)eb ⊗ e
∗
a.
Here d∗V denotes the adjoint of the exterior derivative on f
∗TGr(k,N) valued forms, and
d∗V di(h,H) is the tension of i(h,H).
Suppose now that the elements of H satisfy a Bochner identity
∇∗∇s+ Fs = 0, (3.3)
where F is any algebraic operator. Then
Qac〈sc;jj ,Π
−1sb〉 = 0 = 〈sa,Π
−1sc;jj〉Qcb,
and we have
d∗di(h,H) = 2Qac〈sc;j ,Π
−1sp〉〈sp;j ,Π
−1sb〉eb ⊗ e
∗
a + 2〈sa,Π
−1sp;j〉〈sp,Π
−1sc;j〉Qcbeb ⊗ e
∗
a.
(3.4)
Proposition 3.5. If the subspace H satisfies (3.3) with respect to an (h,H) balanced con-
nection, then i(h,H) is harmonic.
Proof. If the connection is balanced, then 0 = Qac〈sc;j ,Π
−1sp〉〈sp;j ,Π
−1sb〉, and therefore
d∗di(h,H) = 0.
Let P denote the space of N ×N semipositive matrices of rank k. Then P is a bundle
over Gr(k,N) and i(H,h) has a lift S(H,h) to P given by
S(x) = 〈sa(x), sb(x)〉eb ⊗ e
∗
a.
Proposition 3.6. If M is Kahler and the subspace H satisfies ∂¯∗A∂¯A+F , F algebraic, and
∂¯A balanced, then i(h,H) is a critical point of
ES(f) := ‖S
1
2 ∂¯f‖2, (3.7)
where f is varied without varying S.
Proof. The complex structure operator on TVGr(k,N) is given by
JX = i(V −Q)X. (3.8)
By ∂¯i(h,H)(x) we denote the component of di(h,H)(x) mapping T
0,1
x M → T
1,0
i(h,H)(x)
Gr(k,N).
Hence
∂¯i(h,H) = Qac〈sc;j¯ ,Π
−1sb〉eb ⊗ e
∗
a ⊗ dz¯
j . (3.9)
Since ∂¯A is balanced, we have
∂¯∗∂¯i(h,H) = Qac〈sc;j¯,Π
−1sp〉〈sp;j ,Π
−1sb〉eb ⊗ e
∗
a.
Suppose now that we alter the metric on the tangent space in an S− dependent manner
as follows.
〈T1, T2〉S := 〈T1, ST2〉.
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Then
∂
∂xj
〈T1, T2〉S = 〈∇
S
j T1, T2〉S + 〈T1,∇
S
j¯ T2〉 = 〈∇jT1, ST2〉+ 〈T1,∇j¯(〈sa, sb〉eb ⊗ e
∗
aT2)〉
= 〈∇jT1, ST2〉+ 〈T1, 〈sa, sb,j〉eb ⊗ e
∗
aT2 + S∇j¯T2〉
= 〈(∇j + 〈sb,j , sa〉ea ⊗ e
∗
b)T1, ST2〉+ 〈T1, S∇j¯T2〉.
Thus, ∇Sj = ∇j + 〈sb,j , sa〉ea ⊗ e
∗
b is metric compatible. In particular, i(h,H) is formally a
critical point of the energy functional
ES(f) := ‖S
1
2 ∂¯f‖2,
where S is fixed.
4 The Discrete Dynamics of Balanced Semi-Connections
It is easy to analyze the pullback via canonical maps of canonical connections, semicon-
nections, and metrics. First we consider the case of semiconnections, as we can alter the
semiconnection without varying the metric.
Given (h,H, ∂¯A), define a new semiconnection
∂¯T 0,1
(h,H)
A := ∂¯A − ∂¯Asa〈·,Π
−1(x, x)sa〉. (4.1)
From this explicit definition, we see that this semiconnection is actually independent of A:
∂¯T 0,1
(h,H)
A = ∂¯T 0,1
(h,H)
B, ∀B. (4.2)
Its curvature satisfies
F
0,2
T 0,1
(h,H)
A
= F 0,2A − F
0,2
A sa〈·,Π
−1sa〉+ ∂¯Asa〈·,Π
−1∂Asa〉 − ∂¯Asa〈∂¯Asb,Π
−1sa〉〈·,Π
−1sb〉
−∂¯Asa〈sb,Π
−1sa〉〈·,Π
−1∂Asb〉+ ∂¯Asa〈∂¯Asb,Π
−1sa〉〈·,Π
−1sb〉,
which reduces to
F
0,2
T 0,1
(h,H)
A
= ∂¯Asa〈·,Π
−1∂Asb〉Qba. (4.3)
More generally, we may define
dT(h,H)A := dA − dAsa〈·,Π
−1sa〉. (4.4)
Observe that on complex manifolds
∂¯T(h,H)A = ∂¯T 0,1
(h,H)
A. (4.5)
Then we have
FT(h,H)A = dAsa〈·,Π
−1dAsb〉Qba. (4.6)
This connection is no longer metric compatible; so, we must change h also. We define
T(h,H)h(·, ·) := cHh(·,Π
−1·) = cH〈·,Π
−1·〉,
where
cH :=
dim H
rank(E)V ol(M)
.
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The new connection is compatible with respect to this new metric.
Next we consider modifications of H . Once again we consider the complex case and the
general case. For complex manifolds we consider the energy functional
Φ0,1(h,H, ∂¯A) :=
∑
a
‖∂¯Asa‖
2.
For Riemannian manifolds we consider the functional
Φ(h,H, dA) :=
∑
a
‖dAsa‖
2.
Let e0,1 and e denote the corresponding local energy densities:
e0,1(h,H, ∂¯A)(x) :=
∑
a
|∂¯Asa|
2(x),
and
e(h,H, dA)(x) :=
∑
a
|dAsa|
2(x).
Set e1,0 = e−e0,1. At each x ∈M , we may decompose H = Gx⊕Px, where Gx is the kernel
of the evaluation at x map, and Px is the L2 orthogonal complement of Gx. Decompose the
local energy density into
e0,1(h,H, ∂¯A)(x) = e
0,1,G(h,H, ∂¯A)(x) + e
0,1,P (h,H, ∂¯A),
where
e0,1,G(h,H, ∂¯A)(x) :=
∑
i
|∂¯Aui|
2(x) =
∑
c,m
Qcm〈sc;j¯ , sm;j¯〉(x),
e0,1,P (h,H, ∂¯A)(x) :=
∑k
j=1 |∂¯Avj |
2(x), with {ui}i and {vj}j L2 unitary bases of Gx and Px
respectively. Let
Φ0,1G (h,H, ∂¯A) :=
∫
e0,1,G(h,H, ∂¯A)dv = ES(i(h,H)),
with ES defined in (3.7). Observe that Φ
0,1
G (h,H, ∂¯A) is independent of the choice of semi-
connection. Similarly define Φ1,0G (h,H, ∂A) and ΦG(h,H, dA). Then we have
e0,1,G(h,H, ∂¯A)(x) = e
0,1(h,H, ∂¯T 0,1
(h,H)
A)(x).
So, Φ0,1(h,H, ∂¯A) is nonincreasing when we send ∂¯A → ∂¯T 0,1
(h,H)
A. It is strictly decreasing
unless the semiconnection is balanced. Next we replace H with a choice of T(h,∂¯B)H de-
termined as follows. Let T(h,∂¯B)H be a subspace W of C
∞(M,E) on which Φ0,1(h,W, ∂¯B)
is minimal. Generically such minimizing W are unique. The existence of W is a linear
eigenvalue problem, elementary on compact manifolds.
Thus we have a discrete dynamical system minimizing Φ0,1. Consider the map
T 0,1 : (h,H, ∂¯A)→ (h, T(h,∂¯
T
0,1
(h,H)
A
)H, ∂¯T 0,1
(h,H)
A). (4.7)
Then
Φ0,1(T 0,1(h,H, ∂¯A)) ≤ Φ
0,1(h,H, ∂¯A),
with equality only if ∂¯A is (h,H) balanced, H minimizes Φ
0,1(h, ·, ∂¯A) and is therefore
spanned by eigensections of ∂¯∗A∂¯A. Observe the discrete dynamical system generated by
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T 0,1 terminates if Π =: ΠH is not invertible. If we replace E by E ⊗ L
p for p sufficiently
large depending on (h, ∂¯A), then Bergman kernel asymptotics for non holomorphic bundles
(see [CS] and[MM]) can be used to show there is a unique H minimizing Φ0,1(h, ·, ∂¯A), and
this H is admissible.
We may define a similar dynamical system in the Riemannian case, but now we must
modify the metric at each step also to keep the connection metric compatible. Altering the
metric disturbs the monotonicty of the energy under the natural transformation
T : (h,H, dA)→ (h, T(h,dT(h,H)A)H, dT(h,H)A), (4.8)
where T(h,dB)H is a subspace W of C
∞(M,E) on which Φ(h,W, dB) is minimal.
5 Obstructions
Definition 5.1. Fix a metric h. We call a sequence of admissible subspaces {Hn}n of
C∞(M,E) stable if there exists C > 0 such that |Π−1Hn | ≤ C, ∀n. We call a sequence stable
on the submanifold Z if there exists C > 0 such that |Π−1Hn(x, x)| ≤ C, ∀n, ∀x ∈ Z.
We have the following proposition.
Theorem 5.2. Suppose that ch1(E) 6∈ H
1,1(M). Let {Hn}n be a stable sequence of sub-
spaces and {An}n be a sequence of smooth hermitian connections on E. If
∫
M
e0,1(h,Hn, ∂¯An)dv →
0, then
∫
M
e(h,Hn, dBn)dv →∞, for any sequence of hermitian connections {Bn}n.
Let [Z] ∈ H2(M,Z) have nonzero pairing with the (0, 2) component of c1(E). Let {Hn}n be
a sequence of admissible subspaces stable on Z and {An}n a sequence of smooth connec-
tions. If
∫
Z e
0,1(h,Hn, ∂¯An)dvZ → 0, then
∫
Z e(h,Hn, dBn)dvZ → ∞, for any sequence of
hermitian connections {Bn}n.
Proof. We observe that From (4.3) we have
F
0,2
T 0,1
(h,Hn)
An
= ∂¯Ansa〈·,Π
−1
Hn
∂Ansb〉Qba.
Hence we see that
|F 0,2
T 0,1
(h,Hn)
An
(x)|2 ≤ Ce0,1(h,Hn, ∂¯An)(x)e(h,Hn, dAn)(x). (5.3)
Let h be a harmonic representative of ch1(E). Then
0 6= ‖h0,2‖2 ≤ ‖trF 0,2
T 0,1
(h,Hn)
An
‖2L2 ≤ CΦ
0,1(h,Hn, ∂¯An)Φ(h,Hn, dAn). (5.4)
Hence Φ0,1(h,Hn, ∂¯An) → 0 implies Φ(h,Hn, dAn) → ∞. Now let Bn be any connection,
and {sa}a a unitary L2 basis for Hn. Then∑
a
|∂Bnsa|
2(x) ≥
∑
a
|∂T(h,Hn)Ansa|
2(x) ≥ cn|Π
−1/2
Hn
∂T(h,Hn)Ansa|
2(x),
and ∑
a
|∂¯Ansa|
2(x) ≥
∑
a
|∂¯T 0,1
(h,Hn)
An
sa|
2(x) ≥ cn
∑
a
|Π
−1/2
Hn
∂¯T 0,1
(h,Hn)
An
sa|
2(x),
where {ln(cn)}n is a bounded sequence, by the stability hypothesis. Setting hn(·, ·) =
h(·,Π−1Hn ·〉 and applying (5.3) to the triple (hn, Hn, T(h,Hn)An) gives
|F 0,2
T 0,1
(hn,Hn)
T(h,Hn)An
(x)|2 ≤ Ce0,1(hn, Hn, ∂¯T(h,Hn)An)(x)e(hn, Hn, T(h,Hn)dAn)(x)
≤ Cc−2n e
0,1(h,Hn, ∂¯An)(x)e(h,Hn, dBn)(x). (5.5)
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We may now use this inequality to replace Φ(h,Hn, dAn) by Φ(h,Hn, dBn) in (5.4) to prove
Φ(h,Hn, dBn) → ∞ as claimed. The proof of the second result follows from localizing the
preceding argument to Z.
Let F · denote the Hodge filtration. Taking higher exterior powers of F 0,2 and applying
the preceding computation yields the following theorem.
Theorem 5.6. Suppose that chp(E) 6∈ F
1H2p(M)∩F¯ 1H2p. Let {Hn}n be a stable sequence
of subspaces and {An}n be a sequence of smooth hermitian connections. Let
1
q +
1
q′ = 1,
q ≥ 1. If e0,1(An, Hn)
Lpq
→ 0, then e1,0(Bn, Hn)
Lpq′
→ ∞, for any sequence of hermitian con-
nections {Bn}n.
Let [Z] ∈ H2p(M,Z) have nonzero pairing with the (0, 2p) component of chp(E). Let {Hn}n
be a sequence of admissible subspaces stable on Z and {An}n a sequence of smooth connec-
tions. If e0,1(An, Hn)
Lpq(Z)
→ 0, then e1,0(Bn, Hn)
Lpq′ (Z)
→ ∞, for any sequence of hermitian
connections {Bn}n,
To go deeper into the Hodge diamond, we need bounds on F 1,1A . Using the stability
assumption, we can allow our metrics to vary also. Then from (4.6) we have
F
1,1
T (h,H)A = [∂¯Asa〈·,Π
−1∂¯Asb〉+ ∂Asa〈·,Π
−1∂Asb〉]Qba. (5.7)
Let
φBω :=
1
m
e∗(ω)F 1,1B ,
where ω denotes the Kahler form. Then
mφT (h,H)A = i[〈∂¯Asa,Π
−1∂¯Asb,〉 − 〈∂Asa,Π
−1∂Asb〉]Qba. (5.8)
Hence
deg(E) :=
i
2π
∫
M
ωm−1 ∧ trFT (h,H)A
=
(m− 1)!
2π
∫
M
(〈∂Asa,Π
−1∂Asb〉 − 〈∂¯Asa,Π
−1
d ∂¯Asb,〉)Qbadv.
So, we see that a stable sequence with bounded Φ0,1G must also have bounded Φ
1,0
G , and
therefore bounded ΦG. Similar results hold for energy densities integrated over complex
submanifolds, where the energy involves only derivatives in directions tangent to the sub-
manifold.
Theorem 5.9. If c1(E) 6∈ F
1H2∩ F¯ 1H2, the energy, Φ0,1 remains bounded below on stable
sequences.
Proof. If Φ0,1(hn, Hn, ∂¯An) → 0 then Φ
0,1
G (hn, Hn, ∂¯An) → 0. Hence ΦG(hn, Hn, dAn) → 0.
The stability assumption implies then that ΦG(hn, Hn, dThn,HnAn) → 0. This contradicts
Theorem 5.2.
In trF pA, the only terms with no ∂¯sa factors are in tr(F
1,1
A )
p. So using Holder’s inequality
and choosing exponents optimally we come to the following theorem deeper in the Hodge
diamond.
Theorem 5.10. Suppose that chp(E) 6∈ F
p−j+1H2p(M) ∩ F¯ p−j+1H2p. Let {Hn}n be a
stable sequence of subspaces and {An}n be a sequence of smooth hermitian connections.
If e0,1(An, Hn)
Lp
→ 0, then e1,0(Bn, Hn)
Lp
→ ∞, for any sequence of hermitian connections
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{Bn}n. If e
0,1(An, Hn)
L∞→ 0, then e1,0(Bn, Hn)
L
p−
j
2→ ∞, for any sequence of hermitian
connections {Bn}n.
Let [Z] ∈ H2m−2p(M,Z) have nonzero pairing with the (0, p) component of chp(E). Let
{Hn}n be a sequence of admissible subspaces stable on Z and {An}n a sequence of smooth
connections. If e0,1(An, Vn)
Lp(Z)
→ 0, then e1,0(Bn, Hn)
Lp(Z)
→ ∞, for any sequence of her-
mitian connections {Bn}n. If e
0,1(An, Hn)
L∞(Z)
→ 0, then e1,0(Bn, Hn)
L
p−
j
2
(Z)
→ ∞, for any
sequence of hermitian connections {Bn}n.
Proof. Let h be the harmonic representative of trF pT(h,Hn)An
. Then the assumption on the
location of chp(E) in the Hodge filtration implies that the component h
p−i,p+i of h of
bidegree (p− i, p+ i) is nonzero for some i ≥ j. Then
‖hp−i,p+i‖2L2 = 〈h
p−i,p+i, trF pT(h,Hn)An
〉L2 ≤ ‖h
p−i,p+i‖L2‖(trF
p
T(h,Hn)An
)p−i,p+i‖L2.
Hence
‖hp−i,p+i‖L2 ≤ ‖(trF
p
T(h,Hn)An
)p−i,p+i‖L2 ≤ c
∑
a+b=p,a≥i
‖|F 0,2
T 0,1
(h,Hn)
An
|a|F 1,1T(h,Hn)An
|b‖L2
≤ cn
∑
i≤a≤p−i
√∫
e0,1(h,Hn, ∂¯An)
p−ae1,0(h,Hn, ∂An)
p+adv.
Now apply Holder’s inequality to deduce the desired results, with Bn = An. Then, arguing
as in Theorem 5.2, the result for An = T(h,Hn)An implies the result for arbitrary Bn.
6 Gauge Transformations
Let u be a unitary gauge transformation. Then
Φ0,1(h,H, ∂¯A) = Φ
0,1(h, u−1H,u−1∂¯Au).
If U is a complex gauge transformation, then
Φ0,1(h,H, ∂¯A) = Φ
0,1(h(U ·, U ·), U−1H,U−1∂¯AU).
Definition 6.1. We call a triple (h,H, ∂¯A) a real gauge soliton if
T 0,1(h,H, ∂¯A) = (h, u
−1H,u−1∂¯Au),
for some unitary gauge transformation u.
We call a triple (h,H, ∂¯A) a complex gauge soliton if
T 0,1(h,H, ∂¯A) = (h(U ·, U ·), U
−1H,U−1∂¯AU),
for some complex gauge transformation U .
Hence solitons are fixed points of the dynamical system, modulo gauge equivalence. We
observe that
∂¯T 0,1(h,H)A = ∂¯A − [∂¯A,Π(x, x)]Π
−1(x, x) + sa〈,Π
−1∂AsA〉.
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Hence ∂¯T 0,1(h,H)A is complex gauge equivalent to ∂¯A + Π
−1sa〈, ∂AsA〉. So, we see that a
sufficient condition for the sequence {An}n to be a complex gauge soliton is that the
Φ1,0(h,H, ∂A) = Φ
1,0
G (h,H, ∂A).
Solitons never take us closer to holomorphicity since they are evolution by complex gauge
transformations.
If we wish to speed convergence of the dynamical system, it is natural to add a unitary
gauge transformation at each step. Let un be unitary endomorphism of the bundle which
minimizes
‖undbAn+1u
−1
n − ∂¯An‖
2 = ‖dbAn+1 − u
−1
n ∂¯Anun‖
2 = ‖(An+1 −An)− u
−1
n [∂¯An , un]‖
2.
7 Singular Canonical Connections
WhenH does not globally generateE, it does not define a canonical map to a Grassmannian,
and the discrete dynamical systems generated by T and T 0,1 terminate. In this case, we
can still construct an approximate canonical connection as follows. Let
Πǫ := Π + ǫI.
Define the semiconnection
∂¯T 0,1ǫ (h,H)A := ∂¯A − ∂¯Asa〈·,Π
−1
ǫ sa〉.
Then
F
0,2
T 0,1ǫ (h,H)A
= F 0,2A − F
0,2
A sa〈·,Π
−1
ǫ sa〉+ ∂¯Asa〈·,Π
−1
ǫ ∂Asb〉(δab − 〈sb,Π
−1
ǫ sa〉)
= F 0,2A ǫΠ
−1
ǫ + ∂¯Asa〈·,Π
−1
ǫ ∂Asb〉(δab − 〈sb,Π
−1
ǫ sa〉).
Similarly define the connection
dTǫ(h,H)A := dA − dAsa〈·,Π
−1
ǫ sa〉.
This connection is hermitian with respect to the metric
〈·, ·〉ǫ := 〈·,Π
−1
ǫ ·〉.
Therefore Π
−1/2
ǫ dTǫ(h,H)AΠ
1/2
ǫ is hermitian with respect to the orginal metric. We have
FTǫ(h,H)A = FAǫΠ
−1
ǫ + dAsa〈·,Π
−1
ǫ dAsb〉(δab − 〈sb,Π
−1
ǫ sa〉),
and
Π−1/2ǫ FTǫ(h,H)AΠ
1/2
ǫ = Π
−1/2
ǫ FAǫΠ
−1/2
ǫ +Π
−1/2
ǫ dAsa〈·,Π
−1/2
ǫ dAsb〉(δab − 〈sb,Π
−1
ǫ sa〉).
(7.1)
Let K(x) denote the orthogonal projection onto the kernel of sa(x)〈·, sa(x)〉. Taking the
limit as ǫ→ 0,
Π−1/2ǫ FAǫΠ
−1/2
ǫ → KFAK. (7.2)
These curvature formulas can now be used to find partial extensions of Theorems 5.9
and 5.10 to unstable sequences, but we will not pursue that application here. They also
can be used to gain insight into mass gap questions. For example, if An is a sequence
of irreducible su(2) Yang Mills minimizing connections and the first eigenvalue of d∗AndAn
approaches zero, then the L4 norm of dAnsn, with sn a normalized first eigensection must
blowup; otherwise, the equation (7.1) with H = 〈sn〉 contradicts minimality of ‖FAn‖
2.
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8 Entropy
In this section we consider canonical maps generated by heat kernels. As is perhaps known
to experts (see [MM],[T],[Z]), the canonical connections induced by these maps approximate
the original connection as t → 0. This computation is not motivated by our Hodge theo-
retic questions; it is simply an amusing application of the expressions for the curvature of
connections induced by maps to Grassmannians.
Given a metric h, a connection dA, and an endomorphism r of E, let L = d
∗
AdA+ r. Let
{ψj}
∞
j=1 be an L2 orthonormal basis of eigensections of L, Lψj = λj . Let HN denote the
span of the eigenvectors of L with eigenvalue ≤ N . Instead of considering the orthogonal
projection onto HN , we set
ΠN,t :=
∑
λj≤N
e−tλjψj〈·, ψj〉.
This is the composition of the projection onto HN and e
−tL. Then
lim
N→∞
ΠN,t = kt,
where kt denotes the Schwartz kernel for e
−tL. Standard heat equation asymptotics give
kt(x, x) = (4πt)
−n/2I +O(t1−n/2),
with explicitly computable lower order terms. Hence for N = N(t) sufficently large,
ΠN,t(x, x) is invertible with
Π−1N,t(x, x) = (4πt)
n/2I +O(t1+n/2).
Then we have the corresponding Grassmann embedding defined by
VN,t = Vab,N,teb ⊗ e
∗
a = 〈e
−tλa/2ψa,Π
−1
N,te
−tλb/2ψb〉eb ⊗ e
∗
a.
The pullback of the canonical connection is then given by
dA,N,t := dA −
∑
λj≤N
e−tλjdAψj〈·,Π
−1
N,tψj〉,
and has curvature
FA,N,t =
∑
λa,λb≤N
Qab,N,te
−tλa/2dAψa〈·,Π
−1
N,te
−tλb/2dAψb〉,
with QN,t = I − VN,t. On the other hand∑
λj
e−tλjdAψj〈·,Π
−1
N,tψj〉 = dAkt(x, y)|x=y ◦Π
−1
N,t(x, x),
and from heat equation asymptotics
|dAkt(x, y)|x=y ◦Π
−1
N,t(x, x)|C1 = O(t). (8.1)
Hence we see that for N sufficiently large relative to t−1 (or N =∞), we have
FA =
∑
λa,λb≤N
Qab,N,te
−tλa/2dAψa〈·,Π
−1
N,te
−tλb/2dAψb〉+O(t)
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= (dAkt(x, y)d
∗
A)x=yΠ
−1
N,t(x, x) − dAkt(x, y)x=yΠ
−1
N,t(x, x)(kt(y, x)d
∗
A)y=xΠ
−1
N,t(x, x) +O(t).
Subtracting off the dAkt(x, y)x=yΠ
−1
N,t(kt(y, x)d
∗
A)y=xΠ
−1
N,t term in the preceding expression
induces the projection Q. By (8.1) this term is O(t2). Hence
FA = (dAkt(x, y)d
∗
A)x=yΠ
−1
N,t(x, x) +O(t). (8.2)
This gives the following theorem.
Theorem 8.3.
FA = (4πt)
n/2
∑
λa
e−tλadAψa〈·, dAψa〉+O(t). (8.4)
Formally, we see in (8.2) that FA scales like an entropy - more accurately a thermody-
namic energy- the trace of the time derivative of e−tL divided by the trace of e−tL.
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